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ABSTRACT
To predict debris flow dynamics a numerical model, based on 1D De Saint Venant (SV) equations, was developed. The McCormack – Jameson shock capturing scheme was employed for the solution of the equations, written in a conservative law form. This technique was applied to determine both the propagation and the profile of a two – phase debris flow resulting from the instantaneous and complete collapse of a storage dam.
To validate the model, comparisons have been made between its predictions and laboratory measurements concerning flows of water and homogeneous granular mixtures in a uniform geometry flume reproducing dam – break waves. Agreements between computational and experimental results are considered very satisfactory for mature (non – stratified) debris flows, which embrace most real cases. To better predict immature (stratified) flows, the model should be improved in order to feature, in a more realistic way, the distribution of the particles of different size within the mixture.
On the whole, the model proposed can easily be extended to channels with arbitrary cross sections for debris flow routing, as well as for solving different problems of unsteady flow in open channels by incorporating the appropriate initial and boundary conditions.





Analyse Numérique et Expérimentale des Masses de Débris: Rhéologie et Modèle Diphasique
RÉSUMÉ
Le masse de débris et la propagation des ondes de rupture de barrage sont analysées par un modèle mathématique diphasique , basé sur les équation de Saint Venant (SV), décrivant le comportement rhéologique d’un mélange liquide – solide. Le schéma McCormack – Jameson , modifié de façon à éviter les oscillations artificielles au voisinage des discontinuités, a été utilisé pour la résolution numérique des équations de SV. Pour tester le modèle configurations expérimentales ont été réalisées , à l’aide de moyens de mesures basées sur l’Analyse d’images , de manière à pouvoir reproduire la formation et la propagation des ondes de chocs sur fond sec.
Le bon accord entre les résultats du modèle et les données expérimentales obtenues permet de confirmer l’applicabilité et la validité de ces résolveurs , ainsi que de donner un aperçue des limites du modèle présenté.






In this paper a 1D two – phase model for debris flow propagation is proposed. The De Saint Venant (SV) equations, modified for including erosion / deposition processes along the mixture path, are used for expressing conservation of mass and momentum for the two phases of the mixture. The scheme is validated for dam – break problems comparing numerical results with experimental data. Comparisons are made between both wave depths and front propagation velocities obtained respectively on the basis of laboratory tests and with predictions from the numerical model proposed by McCormack – Jameson (McCormack, 1969; Jameson, 1982). These comparisons allow the assessment of the model performance and suggest feasible development of the research.

 THEORETICAL APPROACH
Debris flow resulting from a sudden collapse of a dam (dam – break) are often characterised by the formation of shock waves caused by many factors such as valley contractions, irregular bed slope and non – zero tailwater depth. It is commonly accepted that a mathematical description of these phenomena can be accomplished by means of 1D SV equations (Bellos and Sakkas, 1987; Bechteler et al., 1992; Aureli et al., 2000).
In these conditions, the flow is already supercritical, due to the high slope of the channel. This could lead to the conclusions that the SV equations are not applicable, being the case outside the validity of the strict theoretical hypothesis of mild slope. Nevertheless, it is widely demonstrated by many experimental tests (i.e. Aureli et al., 2000) that the limit of applicability goes far beyond the theoretical one. 
Numerical treatments of such equations, generally, require schemes capable of preserving discontinuities, possibly without any special shift (shock – capturing schemes). Most numerical approaches have been developed in the last two or three decades, that include the use of finite differences, finite elements or discrete / distint element methods (Asmar et al., 1997; Rodriguez et al., 2006).
The McCormack predictor – corrector explicit scheme is widely used for solving dam – break problems, due to the fact that it is a shock – capturing technique, with second order accuracy both in time and in space, and that the artificial dissipation terms, the so – called Total Variation Diminishing (TVD) Lax – Wendroff correction, can be introduced, in order to avoid non – physical shocks and oscillations around discontinuities (Garcia and Kahawita, 1986; Garcia Navarro and Saviron, 1992).
Governing Equations




with : wetted cross – sectional area; : flow rate; s: spatial coordinate; t: temporal coordinate; g: acceleration due to gravity; i: bed slope; Si: bed resistance term or friction slope, that can be modelled using different rheological laws (Rodriguez et al., 2006).
The pressure force integrals I1 and I2 are calculated in accordance with the geometrical properties of the channel. I1 represents a hydrostatic pressure form term and I2 represents the pressure forces due to the longitudinal width variation, expressed as:
		(2)
where H: water depth; : integration variable indicating distance from the channel bottom; :channel width at distance  from the channel bed, expressed as:
	(3)
To take into account erosion / deposition processes along the debris flow propagation path, which are directly related to both the variation of the mixture density and the temporal evolution of the channel bed, a mass conservation equation for the solid phase and a erosion / deposition model have been introduced in the SV approach.
Defining the sediment discharge as:
	(4)




with cs: volumetric solid concentration in the mixture; c*: bed volumetric solid concentration.

 Two Phase Mathematical Model
In the present work granular and liquid phases of the mixtures are considered. The model includes two mass and momentum balance equations for both the liquid and solid phases respectively. The interaction between phases is simulated according to Wan and Wang hypothesis (1984). The system is completed with equations to estimate erosion / deposition rate derived from the Egashira and Ashida (1987) relationship and by the assumption of the Mohr – Coulomb failure criterion for non cohesive materials.

 Mass and momentum equations for the liquid phase
Mass and momentum equations for water can be expressed in conservative form as:
	(6)
	(7)
with : flow discharge; cl: volumetric concentration of water in the mixture; : momentum correction coefficient that we will assume to take the value  from now on; J: slope of the energy line according to Chézy’s formula; i: bed slope; F: friction force between the two phases.
According to Wan and Wang (1984), the interaction of the phases at single granule level f is given by:
	(8)
with cD: drag coefficient; vl: velocity of water; vs: velocity of the solid phase; d50: mean diameter of the coarse particle; : liquid density.
Assuming grains of spherical shape and defining the control volume of the mixture as:
	(9)
with  channel slope angle, which holds for low channel slopes, the whole friction force F between the two phases for the control volume can be written as:
	(10)

 Mass and momentum equations for the solid phase
Mass and momentum conservation equations for the solid phase of the mixture can be expressed as:
	(11)
	(12)
with : discharge of the solid rate; : solid phase density.
According to Ghilardi et at. (1999) and to Egashira and Ashida (1987), the bed volumetric solid concentration c* was assumed to be constant and the erosion velocity rate E a function of the mixture velocity U:
	(13)
with kE: coefficient equal to 0.1 according to experimental data (Egashira and Ashida, 1987; Gregoretti, 1998; Ghilardi et al., 1999; Gregoretti, 2000).
Positive or negative values of E correspond to granular material erosion or deposition, respectively.
 and  represent the energy line and the bed equilibrium angles, respectively, expressed as (Brufau et al., 2001):
	(14)
	(15)
where the debris flow density is defined as:
	(16)
and  is the static internal friction angle.
The equilibrium angle is a relevant parameter that depends, mainly, on the concentration of the mixture and on the ratio between solid and water density. When the slope of the channel bed has reached the equilibrium angle, no erosion or deposition occurs and a steady bottom state is reached.
Ghilardi’s hypotheses refer to a set of equations that include two mass conservation equations (one for the mixture and another for the solid phase) and a single momentum balance equation for the 1D flow. This leads to the assumption that the finer solid fraction in the interstitial fluid is negligible. So, the same velocity for the coarser solid fraction is assumed too. In our two – phase model U is defined as follows:
	(17)
For J several resistance formulas have been implemented, from the dispersive stress model proposed for stony debris flow by Takahashi (1991) to the traditional Manning formula (Chow, 1969). In the present work the Takahashi equation has been chosen, according to the dilatant fluid hypothesis developed by Bagnold (1955):
	(18)
with Si: friction term and R: hydraulic radius given by:
	(19)
where P is the wetted perimeter.
The quantity  (linear concentration) depends on the granulometry of the solids in the form:
	(20)
where cm: maximum packing volume fraction (for perfect spheres cm = 0.74); ab: empirical constant.
Takahashi fitted his experimental data in flumes with fixed walls using for ab the value given by Bagnold ab = 0.042. In presence of an erodible granular bed, he found higher resistance, so the value of ab was incremented to 0.35 – 0.50. The dynamic internal angle of friction δ was assessed by reducing the static one  of 3° – 4° (Takahashi, 1991).
For high values of sediment concentration, the resistance is mainly caused by the dispersive stress and the roughness of the bed does not influence the resistance (Scotton and Armanini, 1992). For low values of the same characteristic the energy dissipation is mainly due to turbulence in the interstitial fluid and the influence of the wall roughness become important. In such case, Takahashi (1991) suggests to use the Manning’s equation or similar resistance law.
With regard to the momentum conservation equation (12) all its terms have been evaluated considering only the fraction of volume actually occupied by grains and ignoring the erosion / deposition velocity.
The weight of the solid phase in the control volume can be expressed as:
	(21)
where SA represents the buoyancy force.
Considering the control volume to be in critical equilibrium conditions and assuming an hydrostatic distribution of solid phase pressure, the Mohr – Coulomb failure criterion for non cohesive materials allows to assess the bottom shear stress of the volume:
	(22)
where τlim is the shear stress in limit equilibrium conditions and σ’n the normal stress for the solid phase along the failure surface, which can be expressed as:
	(23)
When the stress condition along the failure surface is known, it is possible to evaluate the lateral stress, and so the lateral forces  and  of the control volume.
For mild bed slopes, the dynamic internal angle  and the static one  are equal in critical equilibrium conditions, so the shear stress lim can be written as:
	(24)
Finally, the difference between lateral forces  and  and the bottom shear stress lim of the control volume become:
	(25)
	(26)
It is worth mentioning that the momentum equation (12) holds when both phases of the mixture coexist. When a single momentum balance equation of the debris flow is considered, both the friction between the two phases and the buoyancy forces vanish.
 Numerical Model
The SV equations for 1D two – phase unsteady debris flow can be expressed in compact vector form as follows:
	(27)





 Mc Cormack  - Jameson Solver
Numerical solution of equation (21) is based on the well known McCormack – Jameson predictor – corrector finite difference scheme (McCormack, 1969; Jameson, 1982).
	(28)
where i and n are the spatial and temporal grid levels,  and  the spatial and temporal steps, with , ,  and the superscripts “p” and “c” indicate the variable at predictor and corrector steps, respectively. 
















Artificial additional terms must be added to the original form of the McCormack scheme, in order to avoid spurious oscillations and discontinuities without any physical significance. Different approaches have been proposed to eliminate these effects (Roe, 1981; Jameson, 1982; Harten, 1983; Chaudry, 1993). All these approaches allow to avoid no – physical shock in numerical solutions and to achieve suitable results.




In order to solve the problem of propagation of a debris flow wave resulting from the break of a storage dam, appropriate initial, boundary and stability conditions have to be introduced.

Initial and boundary conditions
Initial conditions are discontinuous across the dam location. As a matter of fact, it is assumed that at time t = 0, there exists no flow at all, i.e. the mixture behind the dam is still and the downstream bed is dry. This lead to an unrealistic stationary shock, if the McCormack original scheme, without artificial dissipation terms, is adopted (Alcrudo and Garcia Navarro, 1994). The addition of the dissipation terms allows to remove this unrealistic shock and to avoid any approximate procedure (Bellos and Sakkas, 1987).






where H0: initial depth behind the dam; L = sD-sE: length of the reservoir; sD, sE: abscissas of the dam site and the reservoir end; cs init, cl init: initial solid and liquid concentration upstream of the dam, while the relation between the concentration of the two phases is:
	(35)
In the case of a partial dam – break, internal boundary conditions at the dam – site cross section are needed. The kind and form of the conditions needed depend on the assumptions made regarding the development of the breach and flow conditions existing at the breach (Shamber and Katopodes, 1984).






No problem arises for the assessment of the correct step, due to the fact that every computation code refers to grid points inside the domain. It is worth underlying that the McCormack scheme has a strong shock – capturing capability. Thus, it can be used for the solution of the unsteady flow equations, in conservative law form, either when the flow is wholly gradually varied or the latter is affected with surges or shocks. This is the case of a dam – break flow advancing down a river with an initial flow, and it constitutes the so – called wet – bed dam – break problem (Bellos and Sakkas, 1987).

 Stability conditions
In order to satisfy the numerical stability requirements, the time step has to abide by the Courant – Friedrichs – Lewy (CFL) criterion (Courant et al., 1967; Sweby, 1984), which is a necessary but not sufficient condition:
	(37)
where c: celerity of a small flow disturbance, defined by:
	(38)
and CR: Courant number.
For a fixed spatial grid, the minimum value of  satisfying Eq. 37 is determined at the end of the computation for a given time step. This value is then used as the time increment for the computation during the next step. In this way the largest possible time increment can be utilized at each time step. This process required the calibration of three coefficients: the drag coefficient cD and the two Jameson parameters of artificial viscosity  and . Their values are:
, , 
In the developed code a fixed and very small value of  has been set at the beginning of the simulations, verifying during the run that the CFL condition was assured, being always the Courant number CR < 0.8.

 EXPERIMENTAL RESULTS AND TEST CONDITIONS
To validate the model, comparisons have been made between its predictions and experimental results carried out in the Hydraulic Laboratory of the Politecnico di Milano. The tests were performed with flows of water and homogeneous granular mixtures in a uniform geometry flume reproducing dam- break waves (Larcan et al., 2002; 2006). The experimental set – up consisted of a loading tank (dimensions 0.5 m x 0.5 m x 0.9 m) with a downstream wall made of sluice gate, a pneumatic control device and a very short opening time (0.3 s) (Figure 1).
The mixture flowed in a 6 m long channel of square section (0.5 m x 0.5 m) and adjustable slope. To enable camera recordings, one of the flume lateral walls contained glass windows.
Experimental tests were performed by changing the channel slope, the bottom roughness (smooth bottom made of galvanised plate or rough bottom covered with an homogeneous layer of gravel, with d50 = 0.005 m), the solid material characteristics (vedril: , d50 = 0.003 m; or gravel:  d50 = 0.005 m) and the volumetric concentration of the mixture.

FIGURE 1 ABOUT HERE
Figure 1 – Experimental set – up.
Recordings were made with a Sony Digital Handcam, model DCR – TRV32 E camera, which had an acquisition velocity of 25 frames per second, and were electronically elaborated. Table 1 reports the full list of the experimental tests performed. Each run was repeated three times to allow debris flow recordings along three adjacent windows (Bertalli et al., 2002). In the tests, all parts of each run, which allowed a clear reading of the mixture’s behaviour in its different phases, were used. As a consequence, the same run could be used to assess front, body or end of the wave characteristics.
TABLE 1 ABOUT HERE
Table 1 –Experimental runs list

 COMPARISONS BETWEEN MODEL PREDICTION AND EXPERIMENTAL RESULTS
As mentioned, the experiments consisted of creating, in controlled conditions, dam – break wave of the mixtures, and measuring both the flow depth versus time at different points of the flume (1.40, 2.00, 3.20 and 4.80 metres downstream of the gate) and the front wave velocities from the available recordings.
To take into account different behaviours of the flow, the experimental data have been compared with the predictions of three rheological laws included in the one phase model (called “Water”, “Fix Bagnold” and “Mobile Bagnold”) and with those of the two phase model.

 Wave depth comparison
Comparisons between experimental and predicted depths are shown in Figures 2a – 2d. These Figures regard only the tests performed with higher slope (15° and 20°) where the complete mixing hypothesis seems more reliable. Conversely, for lower channel slopes and low velocities, immature debris flow are expected (Larcan et al., 2006). Takahashi (1991) has suggested to distinguish mature and immature debris flow by means of a criterion based on the hypothesis of equality between the shear velocity and the settling velocities of the particles. This criterion, that requires the calibration of an empirical expression, is unsatisfactory, probably due to the fact that the data used for its calibration were taken in uniform or steady flow. Thus, Larcan et al. (2006) proposed a new criterion based on mixture velocity and concentration, which shows that in most real cases immature debris flow is unlikely to happen.
Comparisons show good agreement on the general shape that includes a steep front immediately followed by the maximum wave height and a decrease in flow depths down to an asymptotic value reached at the stoppage. It should be noted that the front does not tend to become diffuse and that the general behaviour of the numerical model seems to be consistent with the physical problem featured. Only in the tail of the wave, where the code usually underestimates the mixture depths, mainly in the tests performed with artificially roughened bottom, the model loses consistency. This must be related to the specific feature of the model that distributes the granular material uniformly through the wave, whilst in the experimental flume it is deposited in a non uniform way. Moreover, the erosion / deposition model has been developed under one phase assumption. In general terms, it should be underlined that, when the numerical model uses velocity and head loss values of the water in order to assess the erosion / deposition rate E, predictions are close to experimental results while, when the code adopts velocity and head loss values equal to an average between those of the two phases (liquid and solid) the results worsen. This behaviour does not prove that the model is unsuitable to describe dam – break phenomena of debris flow, but it shows that it could be difficult to predict precisely the area reached by a given debris flow even though velocities and wave depths are well represented during the fully developed flow phase.

FIGURES 2 ABOUT HERE
2a – Water-gravel, abs 200, conc. 40%, slope 15°, smooth bottom
2b – Water-gravel, abs 200, conc. 40%, slope 20°, rough bottom
2c – Water-vedril, abs 200, conc. 40%, slope 15°, smooth bottom
2d – Water-vedril, abs 200, conc. 40% slope 20°, rough bottom
Figure 2:	Debris flow wave in some characteristic sections of the experimental channel. Comparison between mathematical model and experimental results. 
 Front velocity comparison
Table 2 shows a comparison between the velocities of the front of the wave measured by the recordings and the velocities predicted by the numerical model. It could be said that, except for few cases, the match is quite good and the agreement between computed and experimental results is very satisfactory.
According to Figures 2a – 2d and to Table 2, each flow appears to be divided into a starting phase, a fully developed flow phase, and a stopping phase.
The initial situation could be described as a static condition – all velocities equal to zero being the opening of the gate followed by the occurrence of a velocity affecting progressively all the length of the flume.

TABLE 2 ABOUT HERE
Table 2: comparison between measured and predicted velocities.

At the same time, the maximum wave depth decreases under the effort of gravity. The main features of the fully developed flow phase are a slow decrease of the maximum flow depth and a constant velocity for the front propagation, the latter being valid during the whole starting and fully developed flow phases. The stopping phase is characterised by a fast decrease of both maximum flow depth and front velocity down to zero. This behaviour, that features a theoretical dam – break problem determined by a shock wave, is satisfactorily described by the numerical model.

 Comparison between different models
To further assess the capability of the model proposed to reproduce debris flow phenomena, comparisons have been made between experimental results and those predicted by three models: one – phase, quasi two – phase and fully two – phase model (Figures 3a – 3b). The Figures point out clearly that the two – phase model provides a better approximation of the laboratory data, both in the peak and in the depth of deposited material data.
Moreover, the model proposed can easily be extended to channels with arbitrary cross sections, for debris flow routing, as well as for solving different problems of unsteady flow in open channels by incorporating the appropriate initial and boundary conditions. The great advantages of the technique developed are based on the strong shock – capturing ability of the McCormack – Jameson numerical scheme, as well as on the simplicity of application of the resulting algorithm when considering 1D debris flow problems.
FIGURES 3 ABOUT HERE
3a – Water-gravel, abs 140, conc.40%, slope 20°, smooth bottom
3b – Water-vedril, abs 480, conc.40%, slope 20°, smooth bottom
Figure 3:	Comparison of the results of one-phase, quasi-two-phase and two-phase models with experimental ones.

 CONCLUSIONS
Achieving a set of debris flow constitutive equations is a task which has been given particular attention by the scientific community during the second half of the last century.
In this context, the present paper describes the main features and characteristics of a numerical model suitable to solve the SV equations, modified for including two – phase debris flow phenomena, and able to assess the depth of the wave and the velocities of both the liquid and solid phases of no – stratified (mature) flow, following dam – break events.
The model is based on mass and momentum conservation equations for both liquid and solid phases. The McCormack – Jameson two – step explicit scheme with second order accuracy was employed for the solution of the equations, written in a conservative – law form. The technique was applied for determining both the propagation and the profile of a debris flow wave resulting from the instantaneous and complete collapse of a storage dam. The actual initial and boundary conditions for the problem considered, i.e. a zero flow depth at the leading front of the wave, were used in the application of the numerical technique. Different experimental cases of dam – break situations in a square section channel were considered for the purpose of comparing results.
Agreements between computational and experimental results regarding both wave front – advance and stage hydrographs are considered very satisfactory.
In order to describe stratified (immature) flow, it is necessary to widen the reach of the model and to take into account mass and momentum conservation equations for each phase and layer. Momentum conservation equations describe energy exchanges between the two phases in the same layer and between layers, while mass conservation equation describe mass exchange between layers. Within this ground, in order to analyse reverse grading (sorting) it is necessary to analyse the wave propagation process, when the solid phase is composed of no – homogeneous material. In this case the model should be improved in order to feature the distribution of the material of different size of the solid phase: larger size material positioned in the front and in the top of the wave, and finer one in the bottom and in the tail.

LIST OF SYMBOLS
ab  Bagnold experimental constant [ ]
c  celerity [m/s]
c*  bed volumetric solid concentration [ ]
cD  drag coefficient [ ]
cl volumetric concentration of water [ ]
cs  volumetric concentration of solid phase [ ]
cm  maximum concentration of the solid material when packed [ ]
d50  mean diameter of granular material [m]
ds  spatial step [m]
dt  temporal step [s]
f  force transmitted by water to a solid particle [N]
g  gravity acceleration [m/s2]
i  channel slope [ ]
kE  empiric coefficient of Ghilardi model [ ]
q  specific flow rate of the subtracted solid material [m2/s]
vl  water mean velocity [m/s]
vs  solid mean velocity [m/s]
A  wetted cross – section area [m2]
B  wetted bed width [m]
CR  Courant number [ ]
E  erosion/deposition velocity of granular material [m/s]
F  interaction force between solid and liquid phases [N]
H  depth [m]
J   water head loss given by Chézy formula [ ]
Q  mixture discharge [m3/s] 
Ql  water discharge [m3/s]
Qs  solid phase discharge [m3/s]
R  hydraulic radius [m]
Si  mixture head loss [ ]
U  characteristic velocity of the mixture [m/s]
Vc  control volume [m3]
  momentum coefficient [ ]
  dynamic friction angle of granular material [°]
  static friction angle of granular material [°]
  distance from the channel bottom [m]
 linear concentration [ ]
  bed inclination [º]
e  equilibrium angle [º]
f  energy line angle [º]
  mixture volumetric density [kg/m3]
l  water density [kg/m3]
s  solid phase density [kg/m3]
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Table 2: comparison between measured and predicted velocities.
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